The effect of a strong magnetic field on the electric polarization of a three-flavor color superconducting medium is investigated. We found that the electric susceptibility of this strongly magnetized medium is highly anisotropic. In the direction transverse to the applied magnetic field the susceptibility reduces to that of the vacuum, while in the longitudinal direction it depends on the magnetic field and decreases with it. The nature of this behavior is associated with the field's dependence of the Cooper pairs' coherence length, which plays the role of the electric dipole length. The field's dependence of the electric polarization is interpreted as the realization of the magnetoelectric effect in cold-dense quark matter.
I. INTRODUCTION
By now, it has been well established that color superconductivity (CS) is the most favored state of nuclear matter at low temperatures and extremely high densities [1] . The best candidates for the realization of CS are the core of compact stars, which are, besides black holes, the most dense known objects in nature. Compact stars, on the other hand, are typically strongly magnetized objects. Specifically, the so called magnetars have surface magnetic fields as large as 10 14 − 10 15 G [2] . Because the stellar medium has very high electric conductivity, the magnetic flux should be conserved there. It is then reasonable to assume that in the region of the star with the largest matter density, i.e. the core, the magnetic field strength is even larger than in the surface. However, the interior magnetic fields of neutron stars are not directly accessible to observation, so their possible values can only be estimated with the help of heuristic methods. Estimates based on macroscopic and microscopic analysis, for nuclear [3] , and quark matter, considering both gravitationally bound and self-bound stars [4] , have led to maximum fields within the range of 10 18 and 10 20 G, depending respectively if the inner medium is formed by neutrons [3] , or quarks [4] . Let us recall that even though the original electromagnetic U (1) em symmetry is broken by the formation of quark Cooper pairs in the Color-Flavor-Locked (CFL) phase [5] of CS, a residual U (1) symmetry still remains. The massless gauge field associated with this symmetry is given by the linear combination of the conventional photon field and the 8 th gluon field [5, 6] ,Ã µ = cos θA µ − sin θG 8 µ . The fieldÃ µ plays the role of an in-medium or rotated electromagnetic field. A magnetic field associated withÃ µ can penetrate the CS without being subject to the Meissner effect, since the color condensate is neutral with respect to the corresponding rotated charge. Actually, the penetrating field in the CFL superconductor is mostly formed by the original photon with only a small admixture of the 8th gluon since the mixing angle, cos −1 θ = g/ e 2 /3 + g 2 , is sufficiently small. A similar residual electromagnetic group also remains in the 2SC phase of CS [7] .
The unbroken U (1) symmetry corresponding to the long-range rotated photon in CFL is generated byQ = Q×1+1× T 8 / √ 3, where Q is the conventional electromagnetic charge operator of quarks and T 8 is the 8th Gell-Mann matrix. Using the matrix representations, Q = diag(−1/3, −1/3, 2/3) for (s, d, u) flavors, and T 8 = diag(−1/ √ 3, −1/ √ 3, 2/ √ 3) for (b, g, r) colors, theQ charges (in units ofẽ = e cos θ) of different quarks are
The less symmetric realization of the CFL pairing that occurs in the presence of a magnetic field, is known as the magnetic-CFL (MCFL) phase [8] . The MCFL phase has similarities, but also important differences with the CFL phase [8] [9] [10] . For example, the ground state has different symmetry and is characterized by two antisymmetric gaps ∆ and ∆ B , instead of just one, as in the regular CFL case. Recently, it was also found that in the MCFL phase a new condensate ∆ M , associated with the magnetic moment of the Cooper pairs, is also present [11] . The extra condensate appears because in this phase the Cooper pairs formed by charged quarks have nonzero magnetic moment, since the quarks in the pair not only have opposite charge but also opposite spin. The magnetic moment of this type of pairs leads to a nonzero net magnetic moment for the system, which in turn is reflected in the existence of a new condensate ∆ M , in addition to the gaps ∆ and ∆ B [11] . This new condensate is a spin-one order parameter and since it is a direct consequence of the external magnetic field, its magnitude becomes comparable to the other energy gaps only at strong field values. The ∆ M condensate of the MCFL phase shares a few similarities with the dynamical generation of an anomalous magnetic moment recently found in massless QED [12] .
It is well known that the phenomenon of CS shares many characteristics of condensed matter systems [13] . In this paper, we discovered a new feature of CS that has its counterpart in magnetically ordered materials and has been known in the context of condensed matter for many years. It is the so called magnetoelectric (ME) effect, which establishes a relation between the electric and magnetic properties of certain materials. In general, it states that the electric polarization of such materials may depend on an applied magnetic field and/or that the magnetization may depend on an applied electric field. The first observations of magnetoelectricity took place when a moving dielectric was found to become polarized when placed in a magnetic field [14] . In 1894, Pierre Curie [15] was the first in pointing out the possibility of an intrinsic ME effect for certain (non-moving) crystals on the basis of symmetry considerations. But it took many decades to be understood and proposed by Landau and Lifshitz [16] that the linear ME effect is only allowed in time-asymmetric systems. Recently the ME effect regained new interest in condensed matter thanks to new advancements in material science and with the development of the so-called multiferroic materials for which the ME effect is significant for practical applications [17] .
In this paper we will show that the ME effect is also realized in a highly magnetized CS medium like the MCFL phase of color superconductivity. In particular, we will find how the electric susceptibility of this medium depends on an applied strong magnetic field.
II. MAGNETOELECTRIC EFFECT IN COLOR SUPERCONDUCTIVITY
As already pointed out in the Introduction, the ME phenomenon is associated with the variation of the electric polarization with a magnetic field or the variation of the magnetization with an electric field, although this last case will not be considered here. In this section we will discuss, on general grounds, how the ME effect can take place in a strongly magnetized, highly dense three-flavor color superconductor characterized by the MCFL phase.
Let us start by discussing the ME effect at weak fields. At weak fields this effect can be studied by taking into account the expansion of the system's free energy in powers of the electric E and magnetic B fields
In this weak-field expansion the coefficients α i , γ ij etc., which are the susceptibility tensors, can be found from the infinite set of one-loop polarization operator diagrams with external legs of the in-medium photon field A µ and internal lines of the full CFL quark propagator of the rotated charged quarks. Hence, these coefficients can only depend on the baryonic chemical potential, the temperature and the CFL gap. From (2), the electric polarization can be found as
If the tensor γ is different from zero the system exhibits the linear ME effect. From the free energy (2), we see that the linear ME effect can only exist if the time-reversal and parity symmetries are broken in the medium. In the CFL phase, the time-reversal symmetry is broken by the CFL gap [11] , but parity is preserved. Thus, the linear ME effect cannot be present in this medium. The behavior under a time-reversal transformation underscores an important difference between the CFL color superconductivity and the conventional, electric superconductivity. While the CFL color superconductor is not invariant under time-reversal symmetry, the conventional superconductor is, since in the conventional superconductor the Cooper pairs are usually formed by time-reversed one-particle states [18] . In the conventional superconductor the violation of the T-invariance occurs only via some external perturbation which can lead in turn to pair breaking and to the so-called gapless superconductivity [19] .
Higher-order ME terms are parameterized by the tensors κ, and λ. As it happens with γ, the coefficient λ = 0 is forbidden because it requires parity violation. On the other hand, although a κ = 0 term only requires time-reversal violation, to form a third-rank tensor independent of the momentum and parity invariant, the medium would need to have an extra spatial vector structure. However, the only tensor structures available to form such a third-rank tensor in the CFL phase are the metric tensor g µν and the medium fourth velocity u µ , which in the rest frame is a temporal vector u µ = (1, 0, 0, 0), so the coefficient κ should be zero too. Hence, we do not expect any ME effect associated with the lower terms in the weak-field expansion of the free energy (3) .
At strong magnetic fields, the situation is quite different. In this case the expansion of the free energy can only be done in powers of a weak electric field, and the coefficients of each term can be found from the corresponding one-loop polarization operators, which now depend on the strong magnetic field in the MCFL phase. The free energy expansion in this case takes the form
The tensors α ′ and η ′ can depend now on the baryonic chemical potential, temperature, magnetic field and gaps of the MCFL phase [11] . They can be found respectively by calculating the tadpole and the second rank polarization operator tensor of the MCFL phase in the strong field limit. An α ′ = 0 would indicate that the MCFL medium behaves as a ferroelectric material [20] , but this is not the case because this phase is parity symmetric [11] , hence α ′ = 0. The tensor η ′ , nevertheless, is not forbidden by any symmetry argument. If it is different from zero, η ′ would characterize the lowest order of the system dielectric response. More important, if η ′ results to be dependent on the magnetic field, this would imply that the electric polarization P = η ′ E depends on the magnetic field through η ′ , hence the MCFL phase would exhibit the ME effect.
The main goal of this paper is to find the electric susceptibility η ′ in the strong-magnetic-field limit of the MCFL phase [11] . Taking into account that
our task can be reduced to the calculation of the zero-zero component of the one-loop polarization operator at strong magnetic field in the infrared limit, Π 00 (p 0 = 0, p → 0).
III. THE ONE-LOOP POLARIZATION OPERATOR OF THE ROTATED PHOTON AT B = 0
In coordinate space the one-loop polarization operator for the rotated photon in the MCFL phase reads
where S (Q) (x, y) and Γ µ , defined in the Nambu-Gorkov space, are the full quark propagator
withS
and vertex
respectively. In (7), the notation
is understood. The projector Π(l) ≡ ∆(sgn(Q B))δ l0 + I(1 − δ l0 ) addresses the difference between the spin degeneracy of nonzero and zero Landau levels, and the spin projectors ∆(±) = (1 + iγ 1 γ 2 )/2 correspond respectively to spin up (+) and down (−) if sgn(Q B) > 0, or viceversa if sgn(Q B) < 0. Notice that in (6) only quarks with nonzero rotated charge contribute to the rotated-photon self-energy (see that in the sum Q = ± only).
In the strong field approximation, we only need to consider the matrix elements of (8) in the lowest Landau level (LLL) l = 0, where
and
The effective gap of the LLL modes is given by the combination ∆ 0 = ∆ M − ∆ B [11] ; Λ e p3 = (1 + eγ 0 γ 3p 3 )/2 are the projectors onto states of positive (e = +) or negative (e = −) energy with p 3 = p 3 /|p 3 |, and ǫ
are the quasiparticle energies. Notice that, in the LLL, the terms (10) and (11) only depend on the parallel momenta. The variation of ∆ B and ∆ M with B was found in [11] . In transforming the full propagator to momentum space in (7), we used the so-called Ritus's method [21] . In this approach, the transformation to momentum space is carried out by the eigenfunctions E
∆(∓) of the asymptotic states of the charged fermions in a uniform magnetic field, and E
3 ) D l (ρ (±) ) are the corresponding eigenfunctions
) denotes the parabolic cylinder functions of argument ρ (±) = 2ẽB(x 1 ± p 2 /ẽB), and index given by Landau level l = 0, 1, 2, ... To find the polarization operator in momentum space we assume translational invariance for the photon self-energy,
Now, substituting with (7) into (12) the polarization operator in momentum space becomes
At this point we can use the integral formulas [22] 
with n ≡ n(m, σ) and n ′ ≡ n(l, σ ′ ) defined by n(l, σ) = l + sgn(ẽB)
The transverse momentum and the polar angle are defined in terms of the dimensionless variablesp µ ≡ p µ / 2|ẽB| asp ⊥ ≡ p 2 1 +p 2 2 and ϕ ≡ arctan(p 2 /p 1 ), respectively; the delta function δ
The presence of the delta functions in (14) facilitates the integrations over k 0 , k 2 and k 3 in (13) yielding an overall
3 ) and the integral over q 2 gives rise to δ(p 1 − p ′ 1 ), which combined with the previous deltas matches the delta function product on the LHS of (13) . Thus, we have 
The polarization operator at finite temperature T can be readily found by replacing the integral in q 0 by a sum in the Matsubara's frequencies q 0 = i(2k + 1)π/β, k = 0, ±1, ±2, .... Taking into account that δ n,n ′ = δ m,l δ σσ ′ + δ m+σ,l δ −σ,σ ′ and δn ,n ′ = δ m,l δσ ,σ ′ + δ m+σ ′ ,l δ −σ ′ ,σ , we can sum in [σ] and m, to obtain
Therefore, in the LLL approximation Π µν only has longitudinal components (µ, ν = 0, 3). Taking the traces in Nambu-Gorkov, color-flavor, and Dirac spaces, and performing the Matsubara sum we obtain
(1 + e 1 e 2k3q3 )
where
, ξ 1 = e 1 q 3 − µ and ξ 2 = e 2 k 3 − µ with k 3 = p 3 − q 3 .
IV. ANISOTROPIC ELECTRIC SUSCEPTIBILITY
Let us take now the static limit p 0 = 0, p 3 → 0 (with p 3 ≪ ∆ 0 ) of Eq. (19) . In this limit, only particle-particle (e 1 = e 2 = +1) or antiparticle-antiparticle (e 1 = e 2 = −1) excitations contribute to the sum in (19) , and moreover for e 1 = e 2 = +1
where E(q 3 ) = (q 3 − µ) 2 + ∆ 2 0 and all terms odd in q 3 − µ were neglected. Then, in the zero temperature limit we obtain
Because Π 00 (p 0 = 0, p 3 → 0) has no constant contribution, one immediately sees that there is no Debye screening in the strong-field region of the MCFL phase, as there was none either at zero-field [23, 24] . It is worth noticing that the finite density, which usually leads to Debye screening in systems of free fermions, fails to produce the same effect in the MCFL color superconductor because all the quarks pair to form electrically neutral Cooper pairs. Despite the lack of Debye screening, the CS medium exhibits an anisotropic electric polarization due to its different dielectric behavior in the directions parallel and transverse to the magnetic field. As can be inferred from Eq. (21), in the strong-field region the electric susceptibility of the MCFL superconductor is zero in the directions transverse to the magnetic field, but equalsẽ
in the parallel direction. The anisotropic susceptibility gives rise to a dielectric tensor with different components in the transverse and parallel directions.
From the above discussion, it is easy to understand that the effective action of the U (1) field in the strong field region can be separated in two terms
Since the quadratic term in the effectiveŨ (1) Lagrangian is given by
, with D −1 the bare rotated photon propagator, it is straightforward to find the transverse and parallel components of the dielectric tensor respectively,
where α is the fine-structure constant of the rotated electromagnetism.
Since (21) is obtained in the strong-magnetic-field limitẽB ≫ ∆ 2 0 , the parallel dielectric constant of the medium is substantially large. Thus, the Coulomb interaction between rotated U (1) charges is significantly screened along the direction parallel to the magnetic field. Comparing the susceptibility of the CFL phase at zero magnetic field,
, where ∆ CF L is the CFL gap [23] , with the result for MCFL at strong field, we see that the effect of the magnetic field is to decrease the electric susceptibility of the color superconductor. In Fig. 1 , we plot the ratio between the parallel susceptibility of the MCFL phase and the CFL susceptibility versus the applied magnetic field (taking into account the variations with the field of ∆ B and ∆ M from [11] ). We can see that for an acceptable value of the chemical potential (µ = 500 MeV), χ MCF L < χ CF L in the strong field region and that the electric susceptibility χ MCF L decreases as the magnetic field increases. This can be understood from the fact that the coherent length of the Cooper pairs, ∼ 1/∆ 0 plays the role of the dipole separation length (i.e. the length separating the opposite charges that form the pair). The larger the field, the smaller the coherence length, so the dipole moment of the pair weakens with the increasing field since ∆ 0 is enhanced by the external field [11] in the strong field region. Therefore, the medium becomes less polarizable in the presence of a strong magnetic field.
V. CONCLUSIONS
In this paper we have proven that the electric susceptibility of a three-flavor color superconductor can be significantly modified by an applied magnetic field. Magnetic-field dependent electric susceptibilities have been obtained over the years in many condensed matter systems, where the phenomenon is known as the ME effect. The present realization of the ME effect in the context of high-dense quark matter is connected to the existence of Cooper pairs of opposite charged quarks that behave as electric dipoles with respect to the rotated electromagnetism of the MCFL phase. The pair's coherence length ξ plays the role of the dipole length. When the magnetic field increases in the strong-field region, the susceptibility becomes smaller, because the coherence length ξ ∼ 1/∆ 0 decreases (i.e. ∆ 0 increases) with The ratio between the susceptibilities of the MCFL phase to that of the CFL phase (χ M CF L /χCF L) vs magnetic field, for µ = 500 MeV. The numerical value for ∆0 and ∆CF L are taken from [11] . The corresponding magnetic field forẽB/µ 2 = 1 is 4 × 10 19 G.
the field at a quicker rate than √ eB [11] . Hence with increasing magnetic field the polarization effects weaken. Physically this is easy to understand because the smaller the dipole, the more it resembles a neutral particle unable to screen an electric field. Similar arguments should be applicable in other spin-0 CS phases that leaves an inmedium electromagnetic group unbroken. Notice that the Debye screening is absent in both, the MCFL and the CFL phases, since in these phases all the quarks are paired and the pairs, being neutral with respect to the rotated electromagnetism, cannot produce the single particle monopole effect responsible for the Debye screening.
An important outcome of the present paper is the large anisotropy induced in the electric susceptibility by the strong magnetic field. This anisotropy is a direct consequence of the dimensional reduction (from 3+1 to 1+1 dimensions) that always occurs in the dynamics of charged fermions in a strong magnetic field. As a consequence, all the dipole polarization occurs only along the direction of the applied magnetic field and consequently, in the transverse direction the susceptibility is just the same as in vacuum, thus zero. In contrast, in the absence of a magnetic field, the dipoles are not oriented along any particular direction, hence, once an electric field is applied in an arbitrary direction, it will induce a medium polarization along that direction [23] .
The anisotropic susceptibility, together with the lack of Debye screening in the MCFL phase, implies that transverse electric fields are not modified at all due to medium effects in this type of color superconductor. Presumably, the situation would be slightly different in the 2SC superconductor in a magnetic field. Even though we expect a similar anisotropy to be present in the 2SC case too, the charged blue quarks can in principle Debye screen an external electric field in all directions.
One can compare the parallel electric susceptibility of the MCFL phase,
with the one found at zero density and strong magnetic field in massive QED [25] ,
The two expressions are similar, with the dipole length being given by the inverse of the quasiparticle gap ∆ 0 in (24) and the inverse of the electron mass m in (25) . However, there is a factor 2 in (24) that is not present in (25) . The factor 2 in the color superconductor comes from the contribution of two types of electric dipoles that exist in the MCFL phase associated with the two types of Cooper pairs formed by charged quarks: s r u b and d r u g . In QED, on the other hand, the dipole polarization effects can only come from a single type of dipole, the one formed by the electron and the positron. Another important difference is that the polarization in the MCFL superconductor is a purely Fermi surface effect, so it requires a finite density and the formation of Cooper pairs at the Fermi surface. On the other hand, in QED the polarization is a vacuum effect, because the dipole is formed by electrons and positrons excited at the surface of the Dirac sea. In the case of unpaired quark matter under a strong magnetic field, the parallel electric susceptibility for each quark species is similar to that of QED (25) . Hence, considering all the contributions of the quarks with different colors and flavors we have
where α q , e q and m q denote the fine-structure constant, the electric charge, and the current mass of the q-th quark respectively. N c and N f are the color and flavor numbers respectively. The result (26) is however academic, as unpaired quark matter can only exist at high energy scales, where asymptotic freedom ensures weak coupling, but (26) was found assuming zero temperature and density. For nuclear matter under a strong magnetic field, the main contribution to the electric susceptibility comes from the proton loop. Considering the Serot-Walecka effective field theory [26] , and neglecting the proton magnetic moment, the electric susceptibility at strong field in nuclear matter is also very similar to that of QED with the replacement of the electron mass by the proton effective mass m P ,
In (27) m p is the bare proton mass and g σ σ is the contribution to the proton mass of the sigma-meson mean field. At saturation density (ρ 0 = 0.153f m −3 ) the proton effective mass is ∼ 732M eV [27] . This implies that (27) is consistent only for field magnitudes |eB| ≥ 10 20 G. Since the MCFL gap mass is ∆ 0 < ∼ 50 MeV for those field strengths [11] , it is clear that the electric susceptibility for the magnetized color superconductor is two orders of magnitude larger than for magnetized nuclear matter. This result can lead to observable differences between neutron stars with nuclear matter cores and color superconducting cores, as discussed below.
An anisotropic susceptibility also appears in massless QED with chiral condensate (i.e. in the phenomenon of magnetic catalysis of chiral symmetry breaking MCχSB) in a strong magnetic field at zero density. In this case, chiral symmetry is spontaneously broken via the mechanism of magnetic catalysis and the parallel susceptibility is given by [28] 
with E 0 the LLL rest energy induced by the chiral condensation [12, 28] . In contrast to the previous cases (24)- (27) , the susceptibility (28) is independent of the magnitude of the applied magnetic field. The highly nonperturbative dependence on the coupling α makes the susceptibility (28) , and thus the polarization in the field direction, much larger in this system than in the others previously analyzed.
Our results could be of interest for the astrophysics of compact objects. As discussed in the Introduction, the core of neutron stars could in principle reach densities and magnetic fields large enough to create the conditions needed for producing the MCFL's anisotropic susceptibility found in this paper. Under these circumstances, the anisotropic susceptibility might lead to a signature in the properties of the γ-ray bursts for stars with a color superconducting core. According to some current models [29] of γ-ray bursts, the violent release of energy inside the neutron star produces oscillation modes that lead to the generation of strong electric fields aligned with the star magnetic field. Electric fields generated in one magnetic pole of the star that manage to penetrate the star crust and reach the core, will be highly attenuated due to the large susceptibility in the direction parallel to the magnetic field. Then, electric fields generated in one of the two poles (along the magnetic field direction) will decay within the core and not reach the opposite pole with enough strength to produce γ-ray bursts in the other side of the star. The consequence of this effect will be very anisotropic γ-ray bursts even along the direction parallel to the magnetic field of the star. For the largest fields expected in the core of the neutron stars, this effect could be relevant only if the star's core is in either the MCFL or another similar magnetic color superconducting phase. On the other hand, for nuclear matter cores the electric susceptibility will be much smaller, as discussed above, and hence the effect will not be relevant. Therefore, a significant anisotropy of the γ-ray bursts along the star's magnetic field direction could indicate the presence of a color superconducting quark matter core.
The anisotropic susceptibility we are reporting could be also of interest for heavy-ion collision experiments. A common feature of heavy-ion collisions is the generation of very strong magnetic fields that are produced in peripheral collisions by the positively charged ions moving at almost the speed of light [30] . The colliding charged ions can generate magnetic fields estimated to be of order eB ∼ 2m 2 π (∼ 10 18 G) for the top collision, √ s N N ∼ 200 GeV, in non-central Au-Au collisions at RHIC, or even larger, eB ∼ 15m 2 π (∼ 10 19 G), at future LHC experiments. However, these experiments produce a hot and low-density matter that is far from the QCD-phase map region where color superconductivity is favored. On the other hand, there are planned experiments at the Beam-Energy Scan Program at RHIC, the Facility for Antiproton and Ion Research (FAIR) at GSI, the Nuclotron-based Ion Collider Facility (NICA) at JINR and the Japan Proton Accelerator Research Complex (JPARC) at JAERI. These experiments have been designed to probe the intermediate-to-large density and low temperature region of QCD phase diagram, where color superconductivity could be in principle realized and thus explored [11, 31] . Such experiments are expected to produce very strong magnetic fields too, so there is the possibility that they could reproduce the conditions needed for the realization of the MCFL phase. On the other hand, electric fields are also created in the collisions. Even though the maximum of the electric field can be quite large, its maximum value does not overlap with that of the magnetic field in the same spatial region [32] . Hence, our approximation of strong magnetic but weak electric fields will be suitable under those circumstances. One expect that the found highly anisotropic susceptibility of the MCFL and similar superconducting phases could lead to observable anisotropic effects in the production of pairs in the directions parallel and perpendicular to the magnetic field.
